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Abstract.
) \é Plane diffraction gratings with period 2% lying in a strip
) 0 <y <h in the x,y-plane are studied. A Rayleigh-Bloch (R-B) wave for
a grating is the'_igﬁsgpt_lrsg@(x,y,p,q) to a plane wave! (Zﬂ)»j)s_xgﬂ(i(px -qy))
_ ‘ R
?3‘ an X incident fromy > h (p € R, q > 0).. Thus (A + (p+ q2)) Y, = 0 in the
) domain G above the grating, w+ atisfies the Dirichlet or Neumann boundary/
: condition on #G and for y > h .
3 N (J{ ,7:7\ \\_‘\ C" ,/ :
. ' -1 ) e
- Y (x,5,P,q) = 2M7" exp {i(px - qy)} \'\\ r
' b ™
+ N .\‘\/,7- o —— '\\,‘
+ ) cp(p,q) exp {1 Py X + qg y} )
(p+2)2<p?+q? /
+
) + I <(psa) exp {1 pyx - ((p+2P-p2-q)? y}
(p+2)2>p24q?
; | |
1 where (p;,q,) = (p + L,(p2 + q® - (p + L)?)Y?2) and the summations are
1 i over all integers % satisfying the indicated ine ualitiesﬁl‘he paper
s % presents a construction of R~B waves and a proof that
g ) o
’ (+(x.y,p,q)/p% R, q > OD is a complete orthogonal family in I(zj(G) in i

) the sense of the Plancherel theory. -
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Introduction.

The phenomena associated with the scattering of acoustic and
electromagnetic waves by periodic surfaces play a role in many areas of
applied physics and engineering. Optical gratings date from the nineteenth
century and are still used by spectroscopists. More recently, gratings
have been used as coupling devices in integrated optics [5]. Trains of
surface waves on the oceans are natural diffraction gratings which
influence the scattering of electromagnetic waves [31] and underwater

sound [13]. Similarly, the surface of a crystal acts as a diffraction

grating for the scattering of atomic beams [14]. The literature on
diffraction gratings and their applications is very large. References to
work done before 1967 may be found in the monograph by Stroke in the

Handbuch der Physik [29]. More recent references are given in the papers

of Fortuin {13]), Millar [20], Jordan and Lang [16] and De Santo [9], among
others.

The first theoretical studies of scattering by diffraction gratings
are due to Rayleigh. His "Theory of Sound" Volume 2, 2nd Edition, published
in 1896 [22]), contains an analysis of the scattering of a monochromatic
plane wave normally incident on a grating with a sinusoidal profile. In
a subsequent paper [23] he extended the analysis to oblique incidence.
Rayleigh assumed in his work that in the half-space above the grating the
reflected wave is a superposition of the specularly reflected plane wave, a
finite number of secondary plane waves propagating in the directions of
the higher order grating spectra of optics, and an infinite sequence of
evanescent waves whose amplitudes decrease exponentially with distance
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grating profiles was realized in the early 1930's [11l], following Bloch's

from the grating. The validity of Rayleigh's assumption for general

work [4] on the analogous problem of de Broglie waves in crystals. Waves
of this type will be called Rayleigh-Bloch waves (R-B waves for brevity)
in this report.

The goal of Rayleigh's work and the literature based on it was
to calculate the relative amplitudes and phases of the components of the
R-B waves and several methods for doing this have been developed. L. A.
Weinstein [32] and J. A. De Santo [6, 7] have given exact solutions to
the problem of the scattering of monochromatic plane waves by a comb %
grating; i.e., an array of periodically spaced infinitesimally thin
parallel plates of finite depth mounted perpendicularly on a plane. For

gratings with sinusoidal profiles, infinite systems of linear equaltions

{1

for the complex reflection coefficients have been given by J. L. Uretsky

(30] and J. A. De Santo [8]. Numerical solutions of these equations have
been given by A. K. Jordan and R. H. Lang [16] whose paper contains
references to numerical work by other authors.

The work referenced above provides a satisfactory understanding
of the scattering of the steady beams used in classical spectroscopy.
However, modern applicatigns of gratings in areas such as integrated

optics and underwater sound require an understanding of how transient

electromagnetic and acoustic fields, such as pulsed laser beams and sonar
signals, are scattered by diffraction gratings. The existing theory of
R-B waves is inadequate for the analysis of these problems.

The purpose of this report is to present an eigenfunction expan-
sion for diffraction gratings in which the eigenfunctions are R-B waves.

The theory can be used to analyze the scattering of transient fields by
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diffraction gratings. The analysis, which parallels the author's work
on the scattering of transient sound waves by bounded obstacles [34, 35,
37) will be given in a separate report.

The theory of R-B wave expansions given below is a generalization
of T. lkebe's theory of distorted plane wave expansions [15], first
developed for quantum mechanical potential scattering and subsequently
extended to a variety of scattering problems [2, 19, 25, 26, 27, 35].

The theory is based on the study of a linear operator A, called here the
grating propagator, which is a selfadjoint realization of the negative
Laplacian acting in the Hilbert space of square integrable acoustic fields.
The principal result of this report is a representation of the spectral
family of A by means of R-B waves. The R-B wave expansions follow as a
corollary.

A key step in developing R-B wave expansions is the introduction
of the reduced grating propagator AP which depends on the wave momentum
p. The Hilbert space theory of such operators was initiated in a recent
article by H. D. Alber {3]. Here Alber's powerful method of analytic
continuation of the resolvent of Ap is used to construct the R-B wave
eigenfunctions.

The derivation of the R~B wave expansions given below is
restricted, for brevity, to the case of two-dimensional wave propagation.
Specifically, the waves are assumed to be solutions of the wave equation
in a two-dimensional grating domain and to satisfy the Dirichlet or
Neumann boundary condition on the grating profile. These problems
provide models for the scattering of sound waves by acoustically soft or

rigid gratings and of TE or TM electromagnetic waves by perfectly
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conducting gratings. It will be seen that the methods employed are also
applicable to three-dimensional (and n-dimensional) grating problems.

Even with the restriction to the two-dimensional case, the
analytical work needed to derive and fully establish eigenfunction
expansions.for diffraction gratings is necessarily intricate and lengthy.
This is clear from examination of the simpler case of scattering by
bounded obstacles presented in the author's monograph [34]. Therefore,
to make the work accessible to potential users, this report presents
only the concepts and results of the theory, together with the principal
ideas needed to derive them. Complete analytical details and proofs are
provided in a companion reportl

The remainder of this report is organized as follows. §1 contains
the definitions of the class of grating domains and corresponding grating
propagators. 82 contains the definition of the R-B waves and their
classification into surface waves and diffracted plane waves. The concept
of the reduced grating propagator Ap is introduced in §3 and the R-B
surface and diffracted plane waves are shown to be eigenfunctions and
generalized eigenfunctions, respectively, of Ap. The section includes
the spectral analysis of the reduced propagator Ao,p cqrresponding to the
degenerate grating whose profile is a straight line. In subsequent
sections the R-B wave expansions for general gratings are developed as
perturbations of this special case.

In §4 the analytic continuation of the resolvent of Ap to a
suitable Riemann surface is constructed by the method of Alber. The
method leads to a particularly strong form of the limiting absorption

principle. In §5 the results of §4 are used to construct the R-B




eigenfunctions for Ap and to derive corresponding spectral representations
and eigenfunction expansions for A P’ In §6 these results are used to
construct the corresponding R-B wave spectral representations and eigen-

function expansions for the grating propagator A. §7 contains concluding

remarks concerning extensions of the theory and unsolved problems.
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(1.1), (1.2) can be written

(L.6) R; cGcC R% for some h > 0

and the translation invariance (1.3) takes the form

1.7) G+ (a,0) =G

where a > 0 is the primitive period of G.

The eigenfunction expansion theory for R-B waves that satisfy
the Dirichlet boundary condition is developed below for arbitrary grating
domains. For R-B waves that satisfy the Neumann boundary condition the

following additional conditions are imposed on 3G, the frontier of G.
(1.8) G has the local compactness property, and

(1.9) there exists an x, € R such that the set
36 n {(x,,y) | y > 0} is finite and each
(x,,y) in the set has a neighborhood in R?

in which 3G is a regular curve of class C3.

Condition (1.8) was introduced in [34] where it was denoted by G € LC.
It is a mild regularity property of 9G. A simple sufficient condition
for G € LC is the "finite tiling condition" of [34, p. 63]. Grating
domains that satisfy (1.8) and (1.9) will be said to have property S,
written G € S. The class includes all the piece-wise smooth gratings
that arise in applications. Examples include the domains

G = {x | y > h(x)} where h(x) is bounded, piece-wise smooth and has

period a. A special case is De Santo's comb grating for which




§1. Grating Domains and Grating Propagators.

The plane diffraction gratings that are studied in this report
are the boundaries of the class of planar domains G defined by the

following properties.

(1.1) G is contained in a half-plane.
(1.2) G contains a smaller half-plane.
(1.3 G is invariant under translation through a

distance a > 0.

Domains with these properties will be called grating domains. The half-
plane of (1.2) is necessarily parallel to that of (l1.1) and the transla-
tion of (1.3) is necessarily parallel to the edges of these half-planes.
The smallest a > 0 for which (1.3) holds is called the primitive grating
period. It exists for all gratings except the degenerate grating for
which G is a half-plane.

It will be convenient to introduce Cartesian coordinates
(1.4) X = (x,y) € R?

in the plane of G such that the x-axis is parallel to the edges of the
half-planes of (1.1), (1.2) and to identify G with the corresponding

domain (open connected set) G ¢ R?. With this convention if
(1.5) Rz-{XE R? | y > e}

then, for a suicable oriencation of the coordinate axes, conditions

7
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(1.1), (1.2) can be written
(1.6) R; cGcC Rg for some h > 0

and the translation invariance (1.3) takes the form

(L.7m G+ (a,0) = G 1

where a > 0 is the primitive period of G.

The eigenfunction expansion theory for R-B waves that satisfy
the Dirichlet boundary coundition is developed below for arbitrary grating
domains. For R-B waves that satisfy the Neumann boundary condition the

- following additional conditions are imposed on 3G, the frontier of G.

(1.8) G has the local compactness property, and

(1.9) there exists an x, € R such that the set

3 n {(x,,y) | y > 0} is finite and each

(x,,y) in the set has a neighborhood in R?

in which 3G is a regular curve of class C3.

Condition (1.8) was introduced in ([34] where it was denoted by G € LC.
It 1s a wild regularity property of 3G. A simple sufficient condition
for G € LC is the "finite tiling condition" of [34, p. 63]. Grating i

domains that satisfy (1.8) and (1.9) will be said to have property S,
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written G € S. The class includes all the piece-wise smooth gratings

that arise in applications. Examples include the domains |

G ={X | y>h(x)} where h(x) is bounded, piece-wise smooth and has

period a. A speclal case is De Santo's comb grating for which




h>0 forx=0
(1.10) h(x) =<

0 for -a/2 < x < 0 and 0 < x < a/2

The Hilbert space theory of solutions of the wave equation in
arbitrary domains G C R?, developed by the author in [33, 34], provides
the foundation for the analysis of scattering by diffraction gratings
given below. The basic Hilbert space of the theory is the Lebesgue
space L, (G) with scalar product
(1.11) (u,v) = J uX) v(X) dx
G

In addition, the definition of the grating propagators makes use of the

Sobolev spaces

(1.12) L3(6) = L,(6) n {u | D}*0J%u € L,(6) for o, + o, < m} ,
where'Di = 9/9x, D, = 3/0y and m is a positive integer, and the space
(1.13) L;(4,6) = L}(G) n {u | du e L,(6)}

where A = Df + D? is the Laplacian in R?. In these definitions the
differential operators are to be interpreted in the distribution-theoretic
' sense (cf. {33, 34]).
The grating propagators for a grating domain G are selfadjoint
realizations in L,(G) of -A, acting on sets of functions that satisfy
the Neumann or Dirichlet boundary conditions. These operators will be
denoted by AN(G) and AP(G), respectively. Their domains are subsets of
L;(A,G) that satisfy the boundary conditions in a form appropriate to
arbitrary domains G. In particular, functions u € D(AN(G)) are required

to satisfy the generalized Neumann condition




(1.14) J {(au)v + Vues W} dX = 0
o :
for all v € L;(G). In fact, if one defines
(1.15)  1Y(4,6) = L}(A,6) N {u | (1.14) holds for all v € L1(G)} ,

p(aM(G)) = LY(A,6) and AM(G)u = -Au then AN(G) s a selfadjoint
non-negative operator in L,(G). This characterization was proved in
[34]. It may also be derived from T. Kato's theory of sesquilinear

, .
forms in Hilbert space [l7, Ch. 6]. It is known that if 3G is a smooth
curve then D(AN(G)) C L%(G) and Vu has a trace in L, (3G) which satisfies
the Neumann boundary condition [34].

To define the grating propagator AD(G) associated with the

Dirichlet boundary condition let

(1.16) LE(G) = closure of C:(G) in L;(G)
and define

D D 1
(1.17) LZ(A,G) = LZ(G) n L2(A,G) .

D(AD(G)) = L?(A,G) and AD(G)u = -Au. Then tho's theory of sesquilinear
forms may be used to show that AD(G) is also a selfadjoint non-negative
operator in L,(G). Moreover, it is known that if 3G is a smooth curve
then every u € L;(G) has a trace ulSG € L,(3G) and every u € LE(G)
satisfies u|3G = 0 [18].

The grating propagators AN(G) and AD(G) will be shown to have
pure continuous spectra. It follows that the R-B wave eigenfunctions
must be generalized eigenfunctions which are not in L,(G). To define

them it will be convenient to define extensions of AN(G) and AD(G) which
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act in the space

(1.18)  LYec

G)=0'@G)N{u|ue L, (K N G) for all compact K C R2}
where D'(G) is the set of all distributions on G. The following subsets
of L%oc(c) are also needed:

1.19) ™% = L2%c) n {u | pMp2y € L¥°°(G) for a, + a, < m} ,

1 ,2oc 1 loc

(1.20) (4,6) = ©) 0 {u | due Lt} .

These linear spaces are all Fréchet spaces (locally convex topological
vector spaces which are metrizable and complete [10]) under suitable

Loc

definitions of the topologies. Thus L (G) is a Fréchet space with

family of semi-norms

. i/
(1.21) Pg(u) = (J |u(x)|? dx] :
KNG

indexed by the compact sets K C R?. Similarly, L?’zoc(c) is a Fréchet

space with family of semi-norms

1/2
(1.22) Py (u) = [J I ip®0S2u(x)|? mq
KNG ¢,+a,<m

1,%0¢

and L,”" ~(A,G) is a Fréchet space with family of semi-norms

/
(1.23) pg(u) = [j {Ju@) |2 + |VuX) |2 + |Au(x) |2} dx]12
KNG

The following additional notation is used below:

(1.24) L3°"(G) = 1,(6) n E'(R?)
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(1.25) (6) = L1(6) n LS™(6)

where E'(R?) denotes the set of all distributions on R? with compact
supports.
The local grating propagator AN loc(G) for G and the Neumann

boundary condition is the extension of AN (G) in L €(6) defined by

pa¥:%¢G)) = LY:2oc(a,0)

(1.26)
2 1,°%°°(8,6) n {u | (1.14) holds for all v & L}’*°™(6)}

and

(1.27) A% (6)y = —Au for all u e DN *C(G)) .

D,%c

Similarly, the local grating propagator A (G) for G and the Dirichlet

foc

boundary condition is the extension of A (G) in Ly (G) defined by

AD fLoc D,%0c¢ 1,%0¢

(1.28) D( @) = 1D%¢a,6) 2 D806 1) % a0
vhere
(1.29) 1D:49¢(6) = Closure of C2(6) in Ly**°%(c)
and
D220 (Gyu = -pu for all u e D(aP ™).

(1.30)

The spectral analysis and eigenfunction expansions for AN(G) and
AD(G) are nearly identical. To emphasize this, and to simplify the

notation, the symbol A will be used to denote either AN(G) or AD(G) in

stating results that are valid for both. Similarly, the symbol Aloc

will denote AN’QOC(G) or AD,loc

(G) except where a distinction is necessary.

¢ A i S B a o < el e

)
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The spectral theory of AN(G) and AD(G) will be developed by
perturbation theory, beginning with the degenerate grating R2. The

grating propagators for this case will be denoted by

(1.31) A = aN@2), Ay = A°(8?)

and

(1.32) dyptoe o gNotocqgzy,  aDutee o pDhlec g,
N __,D 2

oc ¢ Ag,loc or A?,loc

and the condensed notation A, for A, or A; and A
will be used.

The spectral analysis of A, can be carried out by separation of
variables and is essentially elementary. Thus Df is essentially self-
adjoint in L;(R) with complete family of generalized eigenfunctions
{(Zw)-d/zexp (ipx) | p € R}. Similarly, D% and the Neumann boundary
condition define a selfadjoint operator in L,(0,«) with complete family
{(2/m)Y2 cos qy | q > 0}, while Dg and the Dirichlet boundary condition

define a second selfadjoint operator in L;(0,») with complete family

{(2/m*Y? sinqy | ¢ > 0}. It follows that the products

1 .

(1.33) w?(x,p,q) = F-eip X cosqy, (p,q) € Rﬁ .
1 .

(1.34) Vo X,p,) = = e sin q vy, (p,q) € B2

are in D(Aﬁ’loc) and D(AE,Zoc)’ respectively, and define complete ;

families of generalized eigenfunctions for A? and AE. More precisely, J
if Y, is used to denote either W? or we then the classical Plancherel

theory can be used to derive an eigenfunction expansion and spectral

decomposition for
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(1.35) A, = J u dll, (u)
0

which may be formulated as follows. First, for all f € Lz(R%) the limit

M M
(1.36) f,(psq) = L, (R3)-1lim f f Vo X,p,q) £(X) &X
M -M

=00 0

exists and

M (M .

(1.37) £(X) = L, (R3)-1lim J J Yo (X,p,q) £4(p,q,) dpdq
Moo o °~M

and

(1.38) Ifan(R%) = lfole(Rg) .

Moreover, the spectral family of A, is given by

(1.39) Mo(w) £QX) = I Vo (X,p,9) fo(é,q) dpdq .
{(p,q) |p?**+q?<u,q>0}
Finally, if the linear operator ¢, : Lz(Rﬁ) > Lz(Rﬁ) is defined by
Oof = Eo then ¢, is unitary.
The principal result of this report is a generalization of this
eigenfunction expansion and spectral analysis that.is valid for the
operator AD(G) in arbitrary grating domains G and for the operator AN(G)

in grating domains G € S. In these generalizations the R-B waves play

the role of the eigenfunctions y,.
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§2. Rayleigh-Bloch Waves.

It will be assumed in the remainder of the report that the unit
of length has been chosen to make the grating period a = 2m. This
normalization, which simplifies many of the equations, does not limit
the generality of the theory because the general case can be recovered by
a simple change of units.

The definition of the R-B waves can be motivated by considering

the reflection by a grating of a plane wave

(2.1) Wi ®,p,q) = (207" exp {1(px - an)}, (p,q) € RZ .

Note that the effect of translating wiuc by the grating period 2w 1is to

multiply it by a factor of modulus 1:
(2.2) Wi + 2m,y,0,0) = exp {2rip} v1™(x,y,p,q) .

Since G is invariant under this translation the reflected wave, if it is
uniquely determined by winc’ must also have property (2.2). This suggests
the

1,%0c

Definition. A function ¢ € Lz’ (A,G) is said to be an R-B wave

for G if and only if there exist numbers p € R and w > 0 such that

(2.3) y(x + 2m,y) = exp {2mip} Y(x,y) in G ,
(2.4) Ay + w?y = 0 in G, and
(2.5) P(X) 1is bounded in G.

If, in addition,

15
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(2.6) v e p(a%o%)

.then § is said to be an R-B wave for A.
The parameters w and p will be called the frequency and x-momentum
of the R-B wave, respectively. Note that p is only determined modulo 1 by

(2.6). The x-momentum that satisfies
2.7 -1/2 < p <1/2

will be called the reduced x-momentum of . Property (2.3) is sometimes
called quasi-periodicity or p-periodicity. It is equivalent to the

property that

(2.8) Y(x,y) = exp {ipx} ¢(x,y) for all (x,y) € G
where
(2.9 o(x + 2m,y) = ¢(x,y) for all (x,y) €6 .

Solutions of the Helmholtz equation (2.4) are known to be
analytic functions. In particular, each R-B wave for A satisfies
P € CQ(G). Hence, the function ¢ in (2.8) is in Cm(R;) and has period
21 in x. In follows from classical convergence theory for Fourier series

that ¥ has an expansion

(2.10) V(x,y) = j!EZ Vg (v) exp {1(p+ L)x}, (x,y) € R ,
2

where Z denotes the set of all integers. The series converges absolutely
and uniformly on compact subsets of R;. Moreover, the partial derivatives
of ¥ have expansions of the same form which may be calculated from (2.10)

by term-by-term differentiation and which have the same convergence

i
'
{
|
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properties. It follows that the coefficients wl(y) in (2.10) must

satisfy
(2.11) ey + (W - G+ 02 Yo(y) = 0 for y > h .

Hence the terms in the expansion (2.10) have the following forms,
depending on the relative magnitudes of w and [p + %].

w > |g + 2]. In this case there exist constants c; and cl such

that

(2.12) wz(y) exp {i(p+ )k} = c;:exp {i(pzx+ qzy)}+ cE exp {i(plx- qzy)}

where
(2.13) Pp=P*2 g = (- (+0HY >0.

the two terms in (2.12) describe plane waves propagating in the directions
(pz,tqz). Since pi + qi = ()2 these vectors lie on the circle of radius w
with center at the origin and their x-components differ by integers.
Clearly there are only finitely many such terms.

w < + Z{. In this case wl(y) is a linear combination of real

exponentials in y and the boundedness condition (2.5) implies that
(2.14) Y, (y) exp {i(p+ L)x} = ¢, exp {-((p+ )% ~w?) V2 y} exp {1(p+ 2)x}

where ((p + 2)2 - w?)¥? > 0. 1In the application to diffraction gratings

terms of this type will be interpreted as surface waves.

w = Ig + 2]. In this limiting case wz(y) is a linear combination

of 1 and y and (2.5) implies that

(2.15) Wz(Y) exp {1(p + 2)x} = c, exp {(1(p + 2)x} .

P
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Physically, (2.15) describes a plane wave that propagates parallel to
the grating; i.e., a grazing wave. These waves divide the plane waves
(2.12) from the surface waves (2.14). The frequencies {w=|p+ 2| | L€ 2}
are called the cut-off frequencies for R-B waves with x-momentum p.

An R-B wave Y for G (for A) which satisfies the additional

conditions
(2.16) cg = 0 (resp. c; = 0) for all £ such that w > |p + ]

will be said to be an ouﬁgoing (resp., incoming) R-B wave for G (for A).

If

(2.17) ¢y = * = 0 for all & such that w > p + 2]

e
then Y will be said to be an R-B surface wave for G (for A). Of course
an R-B surface wave for A is both an outgoing and an incoming R-B wave
for A. It is interesting that these are the only outgoing or incoming
R-B waves for A. This is a consequence of

Theorem 2.1. Every outgoing (resp., incoming) R-B wave for A is
an R-B surface wave for A.

A proof of this result has been given by Alber [3] in the case
where 3G is a curve of class C?. The method is to apply Green's theorem
to the R-B wave § for A and its conjugate in the region
G n {Xx I -T <x<m y <R}. In the case of an outgoing R-B wave for A

this yields the equation

(2.18) § @ - (p+ W)V |c;:|2 =0
w> | p+L |

which implies that cI = 0 when w > |p + £|. For general grating domains

ot A 2 4 M TS Aot Kl Lo e

hanrai,
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the application of Green's theorem must be based on the generalized

1 boundary conditions, as in [34, p. 57].

. It will be seen in §4 that diffraction gratings may indeed
support R-B surface waves and the question arises whether gedmetric
criteria for the non-existence of such waves can be found. In the case
of the Dirichlet boundary condition such a criterion was found by Alber
[3] by adapting a method of F. Rellich [24] and D. M. Eidus [12]. Spe-
cialized to the grating domains considered here, Alber's theorem implies

Theorem 2.2. Let
f ' (2.19) G={x]y>h(x) for all x € R}

where h € C2(R) and h(x + 27) = h(x) for all x € R. Then AD(G) has no
R-B surface waves.

Theorem 2.1 implies that R-B waves for A may be determined,
modulo R-B surface waves, by specifying either the coefficients c; with
w > |p + 4| (the incoming plane waves) or the coefficients c; with

w > |p + &| (the outgoing plane waves). R-B waves for A that contain a

single incoming or outgoing plane wave will be used in the R-B wave
expansions given in §6 below. These are the grating waves originally
introduced by Rayleigh. Physicélly, they are the wave fields produced
when the grating is illuminated by a single plane wave. Here they will
be called R-B diffracted plane wave eigenfunctions for A or, for brevity,
R-B wave eigenfunctions for A. There are two families determined by the

presence of a single incoming and outgoing plane wave, respectively.

inc inc

The plane waves | (X,p,q) and ¢ (X,p,-q) defined by (2.1) are

’ incoming and outgoing R-B waves, respectively, with x-momentum p and

frequency
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(2.20) ) W= w(p’q) - (P2 + q2)1/2

The scattering of these waves by a grating will produce outgoing

(resp., incoming) R-B waveswith the same x-momentum and frequency.

Hence the R-B wave eigenfunctions may be defined as follows.
Definition. The outgoing R-B diffracted plane wave for A with

momentum (p,q) € R: is a function w+(x,p,q) such that
(2.21) w+(',p,q) is an R-B wave for A, and

(2.22) v, &, = ¥ (X,p,9) + ¥3°(X,p,q)

where wic is an outgoing R-B wave for G. Similarly, the incoming R-B
diffracted plane wave for A with momentum (p,q) € Rg is a function

¥_(X,p,q) such that

(2.23) ¥Y_(*,pP,q) is an R-B wave for A, and

inc

(2.24) ‘P_(X,PsQ) =y (X,p,-q) + ch(st»Q)

where wfc is an incoming R-B wave for G.

The uniqueness of wt(x,p,q) modulo R-B surface waves follows
from Theorem 2.1, as was remarked above. Their existence for the class
of gratings defined in §1 is proved in §6. Note also that the defining

properties imply that

(2.25) ‘Jl_(X,P,Cl) = !P_,_(X,-P,Q) .

Hence the existence of the family y_ follows from that of V-
In the half-plane Rﬁ above the grating the R-B waves Y, have

Fourier expansions (2.10). For the function w+ the expansionhas the form




¥, (%,y,p,0) = (2M7" exp {i(px - qy)}

(2.26) + 1 c;(p,q) exp {i(pyx + qpy)}
(p+2) 2<p?+q?

+ Z c;(PsQ) exp {ipzx} exp {-((p+ 2)2_p2_q2)1/2 y}
(p+2)2>p+q?

where
(2.27) (pyrag) = (p + £,{p? + ¢* - (p + 1)?}2) € RE

3 defines the momentum of the reflected plane wave of order . Similarly,

V_(x,y,p,9) = (2M~" exp {i(px + qy)}

(2.28) + 1 cg(pra) exp {i(pyx - qyy)} :
(p+9')2<p2+q2 i |

+ 1 cp(p.a) exp lipgx} exp {-((p+ 2)2 -p2-q2) 2 y}
(p_‘_l)2->.p2+q2 :

The relation (2.25) implies that the coefficients cz(p,q) in (2.26),

(2.28) satisfy

(2.29) c;(p,q) = ctz(-p,q) for all (p,q) € R§ and L€ 2 .

The surface wave terms in (2.26) and (2.28) are exponentially

£ e e s g e e b b e i < e e
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decreasing functions of y except when the wave frequency

w(p,q) = (p? + q®)¥2 = |p + | for some L € Z. These are precisely

the cut-off frequencies mentioned above. In momentum space they form

the exceptional set

Atnitiivanieccii winitibéaiiaihs
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(2.30) E=R§02LE_J {(.a) | /7 + ¢ = [p+ 4|}
2

E is a set of confocal parabolas with foci at (0,0), axes along the
p-axis and directrices p+ 2 = 0, £ € Z. Two members of the family with
directrices p+ 2 = 0, p + m = 0 are disjoint if £ and m have the same
sign and intersect orthogonally if & and m have opposite signs. The
family E thus divides R§ into a system of curvilinear rectangles.

In the special case of the degenerate grating R% comparison of
(1.33), (1.34) with (2.26), (2.28) shows that for the Neumann case
¢§ =V, =¥, cf(p,q) = (2m)~' and all other ci(p,q) = 0. Similarly,
for the Dirichlet case W? = i¢+ = -iy_, c%(p,q) = —(217).1 and all others
ci(p,q) = 0. Thus in these cases there is no scattering into higher
order grating modes or surface waves, as was to be expected. Note that

the defining properties (2.22), (2.24) can be rewritten as

(2.31) ¥, (X,p,9) = ¥, (X,p,q) + U (X,p,q)

where Y, is defined as at the end of §1 and ¢L and §' are, respectively,
outgoing and incoming R-B waves for G. This decomposition exhibits the
R-B wave eigenfunctions for G as perturbations of those for Rﬁ. The
decomposition is used below for the construction of wt and the derivation

of the eigenfunction expansions.




§3. The Reduced Grating Propagator A,.

The quasi-periodicity property (2.3) of the R-B waves implies

that they are completely determined by their values in the domain
(3.1) Q=G6n{x | -m<x<m}.

Moreover, (2.3) and the equation obtained from it by x-differentiation
define boundary conditions that must be satisfied by R-B waves on the
portions of 9 where x = *7. These observations are used below to show
that the R-B surface waves and diffracted plane waves for G are eigen-
functions and generalized eigenfunctions, respectively, of a p-dependent
selfadjoint realization of -A in L,(R). This operator, which will be
denoted by Ap and called the reduced grating propagator, provides a
basis for the construction of the R-B waves foz

The definition of the grating domains in §1 implies that the

reduced grating domains { satisfy

(3.2) Bh cQcC B, for some h > 0
where
(3.3) BC=R§0{XI-n<x<n’}={X]-1r<x<Tr,y>c}.

The notation
(3.4) Yy ={y | (m,y) € 6} = {y | (-m,y) € G}

will also be used. The definition of the reduced grating propagators
AE(Q) and Ag(Q) associated with  and the two boundary conditions will

be based on the function space
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(3.5) Ly’P@ = L2@) N {u | u(m,y) = exp {2mip} u(-1,y), y € v}

Sobolev's imbedding theorem [1] implies that every u € L;(Q) has boundary
values u(im,y) in Lfoc(Y) and L;’p(Q) is a closed subspace of L;(Q).

The operator Ag(Q) is defined by

D(Ag(Q)) = 1,°P@ nLl@,9)
(3.6)
N {u | J {(Au)v+Vu- W} dX = 0 for v & L;’p(Q)}
' Q

and Ag(Q)u = =Au. It can be shown that Ag(Q) is the selfadjoint non-
negative operator in L, () associated via Kato's theory with the sesqui-
linear form defined by the Dirichlet integral acting on the domain
L;’p(Q). By applying elliptic regularity theory [1] and Sobolev's
imbedding theqrem it can also be shown that every u € D(Ag(Q)) satisfies

the p-periodic boundary conditions

u(m,y) = exp {2mip} u(-m,y), y€ v
(3.7) <
D,u(m,y) = exp {2mip} D,u(-m,y), ye v

Moreover, if 9G is a smooth curve then it follows from (1.14) as in §1

that functions u € D(Ag(Q)) satisfy the Neumann boundary condition on
(3.8) r=3nQ

where {I is the closure of Q in R2.
To define Ag(ﬂ) several additional function spaces are needed.

The subset of C“(G) consisting of functions that satisfy

(3.9) ¢(x + 2m,y) = exp {2mip} ¢(x,y) for all (x,y) € G
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(3.10) supp $ C G N {X | y < p} where p = p(¢), and
(3.11) dist (supp ¢,9G) > 0 ,

will be denoted by c:(c):

(3.12) c:(c) =c”@G) n {6 | (3.9), (3.10) and (3.11) hold} .

The restrictions of such functions to § defines

(3.13) cp(n) = {y = ¢|Q | ¢ € cp(c)}
Finally,
(3.14) LD'P(Q) = Closure in L1(Q) of co @

The operator AS(Q) is defined by
D(AD ()
(3.15)

=12P@) n L1a,9) N {u] J {(bu)V+ Vu « 5} dX =0 for ve LD°P(0)}
Q

and Ag(Q)u = -Au. In this case it can be shown that Ag(Q) is the self-

adjoint non~negative operator associated via Kato's theory with the
sesquilinear form defined by the Dirichlet integral acting on the domain
Lg’p(Q). Again, functions in D(Ag(Q)) satisfy the p-periodic boundary

conditions (3.7). Moreover, if oG is a smooth curve then functions

u € D(Ag(ﬁ)) satisfy the Dirichlet boundary condition on T.
The operators Ag(ﬂ) and Ag(n) will be shown in §4 to have

continuous spectra. To define corresponding generalized eigenfunctions

’ it will be convenient to define extensions of Ag(Q) and Ag(Q) in Lfoc(Q).

foc

The following subsets of L~ (Q) are also needed:




1 ,0c¢

G.16) L1y P o) - @ n {ul u(m,y) = exp {214p} u(-m,y), y€vy} ,

(3.17) Lg,p,loc(g) = Closure of C () in Ll’loc(Q)
Each is a closed subspace of the Fréchet space L ’ROC(Q). The sets

L,"P %) = 1,°P@) n @)
(3.18) <
le),p,com(m - ,p(m A Lcom(g)

will also be used.

The operator Ag EOC(Q) is the extension of A () in Lfoc(Q)

defined by :

D(AN Loc oy = L;’P’%c(n) A Ll’p““(A,Q)
(3.19) .

N {u | JQ {(Au)V + Yu+ W} dX = 0 for v€ L;’p‘°°m(gj}

N, %o0c D,Loc

and Ap (Q)u = -Au. Similarly, Ap’ () is the extension of Ag(Q) in

loc(Q) defined by

D(AP loc(g)) - LE,p,loc(Q) 1Z.oc(A Q)

(3.20)

n {UI JQ {(AU);'F Vu V;}dx:o for v € L?’P’Com(ﬂ)}

N,foc

D’zoc(ﬂ)u = -Au., It is easy to verify that D(A

and A
P
D,%0c

(Q)) and
D(A (§2)) are closed linear subspaces of the Fréchet space L:’loc(A,Q)
and hence are themselves Fréchet spaces.

The reduced grating propagators for the degenerate grating will

be denoted by
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N N D D
(3.21) Ao,p = Ap(Bo)' Ao,p Ap(Bo)’ and
N,Roc = aN,%oc D,Loc - D, Loc
(3.22) Ao,p A (By), Ao,p AP (By)

Moreover, the condensed notation of §1 will be used; i.e., Ap will be

used to denote either Ag(Q) or Ag(ﬂ) in stating results valid for both.

Similarly, Aioc will be used to denote Ag,loc(g) or Ag’loc(ﬂ). In
particular, for the degenerate grating the notation Ao is used for
N D Loc N,%o0c D,loc

Ao,p and Ao,p and Ao,p is used for Ao,p and Ao,p .

Note that all the p-dependent function spaces defined above are

periodic functions of p with period 1. It follcws that

- Roc foc
.23 A = = .
3 ) - Ap, A Ap for allm€ Z

Hence it will suffice to study Ap and Aﬁoc for the reduced momenta
P € ("1/291/2].
The resolvent set and spectrum of Ap will be denoted by p(Ap)

and U(AP) respectively. Clearly O(AP) C [0,®) since Ap is selfadjoint

and non-negative. In fact, it will be shown that
(3.24) U(Ap) = [p?,») for all p € (-1/2,1/2]

This was proved directly by Alber in the cases considered by him [3].
Here it follows from the eigenfunction expansions for Ap given in §5.
o(AP) is a continuous spectrum which, in general, will have embedded
eigenvalues. It will be shown in §4 that co(Ap), the point spectrum of
Ap, is discrete; that is, each interval contains finitely many eigen-
values of Ap and the eigenvalues have finite multiplicity. It is of

interest for the applications to diffraction gratings to have criteria

R
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for oo(Ap) to be empty. While completely general criteria are not known

" it will be shown that the hypotheses of Theorem 2.2 imply oo(Ag) - ¢

for all p € (-1/2,1/2].
Eigenfunction expansions for Ap are derived in §5 by perturbation
theory starting from A° P The expansions for Ao p’ which are
b

elementary, are recorded here as a starting point for the analysis of Ap'
Separation of variables applied to AE P leads to the complete family of
*

generalized eigenfunctions
(3.25) ¢§(X,p+m,q) = % P TX o qy, m€ Z, q > ¢

where p € (-1/2,1/2] is fixed. Similarly, for AE D one finds the complete
»

family
(3.26) Rk prm,q) = 2 &P X gin gy, mez, g > 0.

To describe the eigenfunction expansions for Ao the condensed notation
s

¢o(x,p+m,q) will be used to denote either ¢§ or ¢2. Note that

(3.27) 9q (X,pHm,0) = Yo (Xoptma) g

that is, the generalized eigenfunctions for Ao p are obtained from those
b4

of A, by restricting X to B, and the x-momentum parameter to the lines

p' =p+mwithme 2 and p € (-1/2,1/2] fixed. Classical Plancherel

theory implies that if R, = (0,») then for all f € L, (B,)) the limits

(3.28) %, (p*m,q) = L2<Ro)-umf %, (K,pHm,q) £(X) dX
Mo By»
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exist for m € Z and p € (-1/2,1/2] fixed, where B, , = B, n {X | y <M},

M

Note that the LZ(RO)-convergence refers to the variable q. Moreover,

Parseval's formula holds in the form

(3.29) e, < L Vo (prm, 1] gy

Hence, the sequence

(3.30) {t,(ptm,*) € L,(R,)) [ mezle | @L, Ry
nsZ

and the operator Qo,p: Lz(Bo) -> méz & Lz(Ro)- defined by

(3.31) o, f= {t,(p+tn,*) [ me 2z} ,

is an isometry. A more careful application of the Plancherel theory

shows that ¢o p is unitary. Finally, calculation of the spectral family

1 > p?
{ 0’p(l‘l) | u>p?} for A,,p Bives

(u=~(p+m) 2) /2
(3.32) W, (W) £(X) = ) j

, 6g (X,p+m,q) £ (ptm,q) dq
(ptm)“<u ‘o

In particular, making p =+ < gives the eigenfunction expansion

M
(3.33) f(X) = L, (By)-1lim % J ¢o(x,p+m,q) Eo (p#m,q) dq .
Moo mi<M ‘g

The relationship between the R-B waves for A and the reduced
propagators Ap will now be discussed. Note first that if Y is an R-B
surface wave for A with x-momentum p + m (~1/2 < p < 1/2, m€ Z) and

we {|lp+2 | €2z} thenye p(atoc

) and for y > h
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(3.34) vax,y) = I cpexp{i(p+ Ux}exp {-((p+ )2 -uw?)V2y} .
|p+e >

It follows that ¢(x,y) = w(x,y)IQ € D(Ap) and A = w?¢. Thus ¢ is an
eigenfunction of Ap' To formulate the converse, note that every

¢ € Lfoc(ﬂ) has a unique p-periodic extension y € Lfoc(G)- It is easy

to verify that if
(3.35) ™ . 9+ (2m,0)

then for each m € Z the extension § is given by

(3.36) Y(x,y) = exp {ZTTimp} ¢(x - 2mm,y) for all (x,y) € Q(m) .
This defines § in Lfoc(G) because G differs from l-JmEZ o™ by a
foc Loc

Lebesgue null set. The operator 0P: L.°¢(Q) - L

N (G) defined by

(3.36) maps L%oc(ﬂ) one~to-one onto the set of all p-periodic functions
in Lgoc(G). With this notation it is not difficult to show that if ¢ is
an eigenfunction of Ap then § = 0p¢ is an R-B surface wave for A with
reduced x-momentum p.

The relationship between R-B diffra;ted plane waves for A and
generalized eigenfunctiong of Ap is exemplified by (3.27). More
generally, if y(X,p+m,q) is an R-B diffracted plane wave for A with
-1/2 < p £ 1/2, m € Z then ¢, (X,ptm,q) = wt(x,pﬂn,q)in satisfies
Aloc

P

9, (-»p+m,q) € D(ATT), (& + w?(ptm,q)) ¢,(X,p+m,q) = 0 in Q and

(3.37) 6, (X,p4m,0) = 9, (X,p4m,q) + ¢! (X,p+m,q), ¥y 2 h,

where ¢; (resp., ¢') has a Fourier expansion that contains only outgoing

(resp., incoming) plane waves and exponentially damped waves. Functions

i, . s s proey e i i airianhls a2




¢+(X,p+m,q) and ¢_(X,ptm,q) with these properties will be called,
respectively, outgoing and incoming diffracted plane waves for Ap.

They are unique modulo eigenfunctions of Ap. It is now easy to verify

that if Q+(X,p+m.q) (resp., ¢_(X,p+m,q)) is an outgoing (resp., incoming)
diffracted plane wave for Ap then §_(X,p+m,q) = oP ¢, (X,ptm,q) (resp.,

V_(X,ptm,q) = oP ¢_(X,p+m,q)) is an outgoing (resp., incoming) R-B E
diffracted plane wave for A with x-momentum p + m. These relationships

will be used in §6 to construct the R-B diffracted plane waves for A. ﬂ
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§4. Analytic Continuation of the Resolvent of §E°

An analytic continuation of the resolvent

(4.1) R(A,,2) = (&) - z)"!

across the spectrum O(Ap) = [pz,m) is consfructed in this section by an
elegant and powerful method that was introduced into scattering theory
by H. D. Alber [3]. The continuation provides the basis for the con-
struction in §5 of the diffracted plane waves ¢t(x,p,q) for Ap and the
derivation of the corresponding eigenfunction expansions.

For each pair of extended real numbers r,r' satisfying 0 < r

<r' < 4% let

B, ,={X|-m<x<m r<y<r'},B_ =8B .
r,Tr

(4.2) o
Qr,r,-ﬂn Br,r' ,Qr-{zr’m.

Moreover, let Pr : LZ(Qo r) + L,(Q) denote the linear operator defined by

uX) , Xe Qo,r

(4.3) P.u(X) = <

The goal of §4 may be formulated with this notation. It is to comstruct

an analytic continuation of

(4.4) 2 > RA,2) Py : L@, )+ L7°°@)

from the resolvent set p(Ap) = C - [p?,®) across o(Ap) = [p%,®). For

this purpose p(Ap) will be embedded in a Riemann surface Mp.

ErY
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The definition of Mp may be motivated by considering the linear

space of functions

(4.5) E = patec

PsZyt P ) N {u | supp (A+z)uCQO,r},r>h.

Basic properties of EP 2. ¢ 8Te described by

Lemma 4.1. Every u € E satisfies
= P»2,T

2, Loc

(4.6) u €L, %@

")

(4.7) ulx,y) = § u (y) XWX 4y
LU @

2,20
where the series converges in L,’ ¢

@) »

2,%0c¢
(4.8) um(y) €L,

®y) 5 By = () .

Moreover, if ﬁ; denotes the closure of Q_ in R?,

(4.9) ue Cm(ﬁ;) , and

(4.10)  u_(y) = c: exp {iy(z- (ptm)2) Y2} + c, exp {-iy(z- (p+m)2)1/2}
for y > h where c: are constants and
(4.11) In (z - (p+mH)¥2 >0.

Properties (4.6) and (4.9) follow from elliptic regularity theory
[1], while (4.7) and (4.8) follow from classical Fourier theory. The

convergence of (4.7) in L:’£°°

(Q.h) follows from the fact that the partial

sums of the Fourier series define orthogonal projections in Lg(Qr r') for
*

h<r<r' <o (4.10) follows from (4.9) and the equation Au + zu = 0

in Qt.
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Note that if 2z € p(AP) and u = R(Ap,z)Prf with f € Lz(Qo,r) then
- +
u€L,(Q)n Ep,z,r and hence ¢ = 0 for all m and ¢ = 0 when
Im (z - (p + m)2)¥2 = 0. This suggests that Mp be defined as the

Riemann surface associated with the family of holomorphic functions on

Cc - [pz,“) defined by
(4.12) {z+ (z- (p+m))Y? | Im (z- (p+m)2)Y? > 0 for all m € 2} .

Mp is uniquely determined up to isomorphism by the following three

properties [3, 21]:

(4.13) Mp is connected and every function of the family (4.12) can

be continued analytically to all of Mp'

(4.14) For every pair of points of Mp that lie over the same point
of C there are at least two functions of the family that take

different values at these points.

(4.15) Mp is maximal with respect to these two properties.

e e T A

The following notation will be used in connection with Mp' g

will denote a generic point of Mp and T = T_ Mp + C will denote the

P
canonical projection of Mp onto C. The subscript p will be omitted when

there is no danger of ambiguity. The analytic continuation of

(z - (p + m)2)Y¥? from C - (p2,%) to Mp will be denoted by w_, (7).

p4m
Thus, for all ¢ € Mp,

(4.16) (€) = +(n(g) - (p + m)?) V2

wp+m

M; will denote that component of Mp over C ~ (p?,®) on which
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Im up+m(c) >0 for all m € Z. Finally, Tp = {(p + m)? | m€ Z} c € will

denote the set of branch points of the family (4.12).

The properties of Mp include the following. Mp has infinitely
many sheets. More precisely, for each disk D(zo,p) cC, n-l(D(zo,p))
has infinitely many components. If z, = (p + m)? for some m € Z then the
set n-l(D(zo,o)) contains infinitely many branch points. Moreover, for

all ¢ € Mp the set {m l Im w (@) < 0} is finite [3]. Finally,

p+m

Mp+m - Mp for all m € 2.

In addition to Mp the set

(4.17) M = {(p,2) | ¢ € MP}
-1/2<p<1/2

will be needed to describe the dependence of the continuation of
R.(Ap,Tr(c))Pr on p and . M will be topologized in such a way that each

function (p,Z) * w (z), me Z, is continuous on M. To this end let

p+m
(P9s%y) € M and define

(4.18) 2o = My (Gg) » D(zys0) = {2z | |z - 2| < o}
0
] and
(4.19) . U(p,»L4s0) = Component of w;I(D(zo,o))
0

containing g, < Mp )
0

To define a neighborhood basis for M at (po,co) three cases will be
distinguished.

Case 1. 1z, & [pi,®). If p, > 0 is the distance from z, to

0

[p%,w) then for p < p, D(zo,p) N [p%,m) = ¢ and U(p,,Cy,p) contains no

branch points of Mp . In this case
0
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(4.20) {sgn Im wp 4 (D) | me 2}, ¢ € Ulp,,5,0)

is well defined. Moreover, ]p - po| < 6 implies that D(zo,p) A [p?,®)

= ¢ for 8 small enough and hence {sgn Im w_,_ (%) | m€ 2} is also well

p+m

defined on the components of U;I(D(zo,p)). In this case one may define

U(p,L,,P) as the component of ﬂgl(D(zo,p)) for which

-1 -1
(4.21) {sgn Im wp+m(1rp (z)) | m€ 2} = {sgn Im w (npo(z)) | m e z}

Potm

for z € D(z,,p). A corresponding neighborhood of (po,co) in M is

defined by

(4.22) N(pg»ZgsP,8) = LJ {(p,2) | £ €U,,0} .
|p-py <8

Case 2. z, € [p3,») - Tp . In this case if p, is the distance
o

from z, to the set Tp then for p < p, U(po,co,o) contains no branch
)

points of Mp and (4.20) is well defined provided ﬂp (%) € D_(z,,P)
0

0
= D(zy,p) M {z | Im z > 0}. Moreover, |p - Py| < & implies that D(z,,p)

contains no points of Tp’ for § small enough, and hence

{sgn Im (z) | m € 2} is also well defined if np(c) € D, (24,0). In

wp+m
this case one defines U(p,%,,p) as the component of ngl(D(zo,o)) for
which (4.21) holds for z € D+(zo,p)). A corresponding neighborhood is
again defined by (4.22).

Case 3. z, = (po + mo)2 for some m, € 2. If Pe > 0 is the

distance from z, to the set Tp - {(p, + m;)?} then for p < p, the set
0

U(pysLysp) contains only one branch point; namely, that for wp +o ().
0Ty

Hence {sgn Im w | me z - {m,}} 1s well defined for

po+m(C)
¢ € U(p,,5,,p) and wpo(c) € D+(zo,p). Moreover, |p - po| < § implies

S g
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that D(z,,p) contains (p + mo)2 and no other points of the set Tp and

hence {sgn Imw_, () | m€ 2z - {mo}} is well defined on the components

ptm
of ﬂ;I(D+(zo,p)). In this case one may define U(p,co,p) as the

component of N;J(D(zo,p)) for which

{sgn Im wp+m(ﬂ;1(z)) | mez - {my}}
(4.23)
-1
= {sgn Im wp°+m (Wpo(z)) l meE Z ~ {mo}}

for all z € D+(zo,p). A corresponding neighborhood is again defined by
(4.22).

The topology of M is defined to be the one generated by the
neighborhood bases defined above and one has

Theorem 4.2. Each of the functions on M defined by

(4.24) (P;C) > w (C) ,mE€ Z

ptm

is continuous on M. Moreover, the family of functions

{(p,g) *w _, (2) | m e 2z} is equicontinuous in M.

pt+m

The theor that >
e theorem that {Z LA

for fixed p was proved by Alber [3]. Theorem 4.2 plays a key role in

(z) | m € 2z} is equicontinuous on Mp

proving the continuity in (p,q) of the Rayleigh-Bloch waves in §6.

. To describe the subset of E that
p,C,r P2, T

contains the analytic continuation of R(Ap,z)Prf to Mp, consider the set

The Fréchet Space F

of functions u € Ep _— whose Fourier representations (4.7), (4.10) in
> »

Qr satisfy

(4.25) For each m € Z, either c;‘- 0 or-c_ = 0, and

(4.26) c; = 0 for all but a finite number of m € 2 .

Moiiaan ..o 4 . e B e R kA i



Note that these conditions express the "radiation conditions"

(4.27) D, tiz-G+mH1um=0,y2r,
where for each m either "+" or "-" is chosen and "-" is chosen for all
but a finite number of m € Z. It is clear that each suchu € E is

PsZ,T

associated with a unique point ¢ € Mp such that np(c) = z and the Fourier

expansion (4.7), (4.10) of u has the form

4.28) ulx,y) = ) Cp €XP {i(p+m)x + iyw

@} ,y>r.
ez pto -

For each (p,Z) € M and each r > h the set of all such sclutions will be

denoted by
_ Loc
(4.29) Fp,c,r = D(Ap ) n {u] supp (A+—np(;))u CQ, . and (4.28) holds} .
1
Note that F C D(AQOC) CL ’2OC(A,Q) and recall that D(Aloc) is
P.GC,r P 2 P

closed in L.>%°%(a,0). This implies

Theorem 4.3. Fp ,r is closed in D(Aﬁoc) in the topology of

? ’

1
Lz’goc(A,Q) and hence is a Fréchet space.

This is immediate because the defining properties of FP 0’

namely supp (A + WP(C))u c Qo,r and [Dy ~1iw_ (@] u, = Oiny>r,

pm
are preserved under convergence in L;’ZOC(A,Q).

The following condensed notation will be used in discussing

Fp,c,r and related operators:

(4.30) (uvv)r ' = (U$V)L « ) ’
’ 2 ¥V, x!
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4.31) (u,v) = (u,v) s
( 1;r,r L@, 0 i
(4.32) (u’V)l;A;r,r' = (U’V)L;(A,Q ') .
r,r
Now let Pp,;,r : Fp,;,r -+ L2(Qo,r) denote the natural projection defined by
. P = €F .
(4.33) p,C,r Y UIQo,r for all u D,L,T

An important property of F is expressed by the following generali-

P>C,r
zation of a theorem of Alber (3, p. 264].

Theorem 4.4. For every compact set K C M and for every r' > r

there exists a constant C = C(K,r,r') such that

(4.34) ful <cip

ull
134;0,r' pP,C,r  13A50,r

for all u € L—J(p,c)EK Fp,;,r' In particular, Pp,c,r is a topological

i hism of F to P F t logized by th
somorphism D,L,T onto P, p,T,r opologiz y the

1
LZ(A,QO’r)—norm.

The Operators A
P PsLC,T

program, the construction of the analytic continuation of R(Ap,z)Pr to

: Lz(Qo,r) o Lz(Qo,r)‘ Following Alber's

Mp will be based on the family of linear operators A in Lz(Qo ),
. ’

t {

p,c’r
defined for all (p,Z) € M by

(4.35) D(Ap,;,r) - PP:C:r FP’Csr ’

(4.36)

A = «~Au .
PsC,T u Y

The properties of A that are fundamental for the analytic continu-

Psl,T
ation of R(Ap,z) are described by the following theorems.
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Theorem 4.5. For every (p,Z) € M and every r > h the operator

Ap ,r is m-sectorial in the sense of Kato {17, p. 279].

Theorem 4.6. For all grating domains of the class defined in §1,

he family of operat A
the family of operators { 0.C,r

| (p,Z) € M} is continuous in the sense

of generalized convergence (Kato [17, p. 206]). Moreover, for each

fixed p € (-1/2,1/2] the family {Ap C.r

generalized sense (Kato [17, p. 366]).

| z € Mp} is holomorphic in the

Theorem 4.7. For every (p,Z) € M, every * > h and every

2z € Q(Ap,c,r> the resolvent R(Ap,;,r

operator in Lz(Qo,r) and hence G(Ap,c,r

2) = A, e T

) is discrete.

-1
2) is a compact

Theorem 4.5 generalizes Alber [3, Th. 5.5]. A4s in [3] it may be

d iating A
proved by associating D,C,r

with a densely defined, closed, sectorial

sesquilinear form in LZ(Q° r) and using Kato's first representation
3

theorem {17, p. 322]. The second statement of Theorem 4.6 generalizes

Alber [3, Th. 5.5b]. The hypothesis G € S of §1 is needed to prove

Theorem 4.6. Theorem 4.7, which generalizes Alber {3, Th. 5.5a], is a

consequence of the local compactness property of G in the case of the

Neumann boundary conditions. Complete proofs of Theorems 4.5, 4.6 and

4.7 are given in [38]. The following consequences of these theorems are

needed for the spectral analyses of Ap and A in §§5-6.

4+
Th 4.8. 11 eM h i €
eorem For all g b one has p(c) D(Ap,;,r) and

(4.37) R( .vp(c)) =P

AP,C:Y PsC

This result may be verified by direct calculation.

Theorem 4.9. For every p € (-1/2,1/2] the set

(4.38) Zp ={c|n@e oa, . ¢ M;

o Smemr— - aaat e

e RGALT (@) P
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has no accumulation points in Mp and is independent of r > h.
This result, which generalizes [3, Th. 5.5c], is a consequence

of Theorem 4.7. For brevity the resolvent of (4.37) will be denoted by

(4.39) R R(A r,vp(c)) € B(LZ(Qo,r)) .

PyG,r - PsC,

Here B(X) denotes the bounded operators on X.

Corollary 4.10. For each p € (-1/2,1/2) and r > h the mapping -

(4.40) THR . € BL(R, )

p’c’ o’r

T a

is finitely meromorphic on MP with pole set Zp.
This result is based on a theorem of S. Steinberg [28]; cf.
{3, Th. 5.5e]. Theorem 4.4 and 4.8 provide the analytic continuation of

R(Ap,z) Pr in the following form.

Corollary 4.11. The analytic continuation to Mp of

1,R0c i
(4.61) T > R(ALT (@R € BEL (G, ), L 000,) , ce M, |
is given by 1
-1 1,R0c
(4.42) ¢ > Bl LR L EBL@ ), L0, pe M,

where B(X,Y) denotes the bounded linear operators from X to Y.

Corollary 4.12. For all grating domains of the class defined in

§1, the point spectrum GO(AP) is discrete.

This result follows from Theorem 4.9 and Corollary 4.10. .

Corollary 4.13. For all grating domains of the class defined in

§1 one has v

)
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(4.43) np(M'; n Zp) C °°(Ap) U ‘I’p

—

where M; is the closure of M; in Mp.
If Oo(Ap) = ¢ then (4.43) means that the poles of Rp z,r that lie
* 9’

above the spectrum G(Ap) = [pz,w) must lie above the branch point set
TP. The fact that such poles may or may not occur is illustrated by the
two operators AE and A§ corresponding to the degenerate grating. For
AE, separation of variables leads to a construction of the Green's

function (= kernel of the resolvent R(A%,z)) which can be written

6D (X,X",p,2)
(4.44)
- é% ) ei(p+m)(x’x')(z-(p+m)z)_1fzsin(z-(p+m)2)1/2y< ei(z~(p+m)z)1’2y>
nEZ

where y_ = Min (y,y'), y, = Max (y,y'). The analogous calculation for

A§ gives

GE! (X,X' sp:z)
(4.45)

= _2_11? ] PG (o (otm)2)TV2 cos (2-(prm)2) 2 Ve RICH RS S

mEZ

In the first case R(A?,z) has no poles for real z = A + 10 € [p?,»). In
the second case R(A?,z) has a simple pole at each of the points

=At{0€T .
z P
The following two theorems are implied by Theorems 4.4 and 4.6.

d
d
i

!




Theorem 4.14. Let

.

» T

L= U {,0) | ze Ipt= U {(,0) | T (BIETA
-1/2<p<1/2 -1/2<p<1/2
(4.46) '

Then M-I is open in M and

(4.47) (®,8) * R . € B(L, (2, 1))

PsGs

is continuous on M-I.

Theorem 4.15. The mapping

(4.48) (p,Z) ~ P_

1 1,%0c¢
D.T,T Rp,c,r € B(Lz(na,r)’L 4,80))

2

'is continuous on M-Z.

A direct consequence of Theorem 4.15 that is needed below is

Corollary 4.16. Let K be any compact subset of M-I and let

r' > r > h. Then there exists a constant C = C(K,r,r') such that

(4.49) i R £1 ¢ < CUEr

P
P»Z,T PsG,r T 13450, r

for all (p,c).e K.and all f € LZ(Qo,r)’ )

A Limiting Absorption Theorem. In the remainder of this report f

the point I will be restricted to M;, the closure of M; in Mp. To a

simplify the notation points 7 e M; will be identified with their images
ﬂp(;) =z¢eC - [p?,©) and the points of BM; will be denoted by A t iO,

where A € [p%,). With this notation the operators

: -1 l,ldc
| (4.50) Pp,AtiC,r Rp,Aiic,r € B(Lz(no’r),Lz 8,92))
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are defined and continuous for all A * i0 € M; - Zp. Note that by

Corollary 4.13

. - -T ¢ T
(4.51) G(Ap) °o(Ap) p np(a o Zp)
Now let f € Lz(Qo r) and define

-1
(4.52) “t(.’p’x) = Pp,Atio,r Rp,Azio,r fe Fp,xtio,r *

Then, in particular,

(4.53) u,(,p.0) € DY) , and
(4.54) A u, + A u, = f {n Q.
Moreover, HP(A * 10) = XA for all A € G(Ap) and

Vot 10) = (A - (p+m))Y2 4f A > (p+m)? ,

Vo 2 10) = 1((p + m)2 - Y2 4fF A< (p+m? .

Hence, the Fourier series (4.28) of u, have the form

cm
(p+m) 2<)

+4 - 24 1/
u (x,y,p,}) = ) ES ei(P+m)x Fiy (A-(ptm) y/2
+ ] et oY ((prm) 2-0) V2
(p+m) 2>)

Thus u_ and u_ are the outgoing and incoming solutions, respectively, of
the boundary value problem (4.53), (4.54). Moreover, they are uniquely

determined by these conditions, by Theorem 2.1, provided
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(4.57) Ae O(Ap) - oo(Ap) - Tp .

The final result of this section is a uniform bound for the

functions

-1

(4.58) Pp,kiid,r Rp,ktio,r

£e 1,0,

which may be formulated as follows.

Corollary 4.17. Let I = [a,b] satisfy

(4.59) ICa(A) -0, - T,

and let p, Oy, r and r' satisfy -1/2 < p < 1/2, 0y >0 and r' > r > h.

Then there exists a comnstant C = C(I,p,d,,r,r') such that

(4.60) 1"}

p,Atio,r Rp,ltio’,r fl1;A;o,rv <C |f|° .

H

for all1 A€ I, 0 <0 <0, and all £€ L,(R, ).

o,r

This result is a direct consequence of Corollary 4.16.

Pt
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§5. The Eigenfunction Expansions for AP.

This section presents a construction, based on the limiting
absorption theorem of 84, of the diffracted plane wave eigenfunctions
3 ¢:(x,p+m,q) and a derivation of the corresponding eigenfunction
expansions for Ap. For brevity the derivation is restricted to the
cases for which co(AP) = ¢. The modifications that are needed when
U°(AP) # ¢ are indicate& at the end of the section.

Throughout this section p € (~1/2,1/2] is fixed, m € Z and q > O.
; $o(X,ptm,q) denotes the generalized eigenfunction for Ao,p; that is, one
of the functions (3.25), (3.26). The corresponding outgoing and incoming

diffracted plane waves for AP are characterized by the properties

(5.1) 04(+,pHm,q) € DAIY)
(5.2) - (8 + 0¥ (ptm,q)) ¢,(X,ptm,q) = 0 in Q,
(5.3) ¢, (X,ptm,q) = ¢, (X,ptm,q) + ¢, (X,ptm,q) , y 2 h,

where ¢; (resp., ¢') is an outgoing (resp., incoming) diffracted plane

wave in Qh. These properties imply the symmetry relation
(5.4) ¢_(X,p+m,q) = ¢_(X,-p-m,q)

Hence it will be sufficient to construct the functioms ¢+(X,p+m,q).
To construct ¢+ fix an r > h and introduce a function
j € €°[0,®) such that §'(y) 20, 0 < §(y) <1, j(y) = 0 for
0<y<(h+r)/2and j(y) 21 for y > r. Next define the function
) ¢ (X,p+m,q) for all X € Q by
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(5.5) ¢+(X,P“'m:Q) = j(y) ¢O(X,P‘H‘1»Q) + ¢4'_(X,P+m,Q) , XEQ .

Then (5.1), (5.2), (5.3) imply that ¢! is characterized by the properties
+

(e foc
(5.6) ¢4 (*opm,q) € D(ATT)
(5.7) (8 + w(ptm,q)) ¢ (X,pm,q) = -M(X,p+m,q) in @,
(5.8) ¢;(X,p+m,q) is an outgoing diffracted plane wave.

The function M in (5.7) is defined for all X € R%, p+me R and q >.0 by

M(X,ptm,q) = (A + w?(p+m,q)) (y) ¢,(X,p+m,q)
(5.9)
= j"(}') ¢°(X’P+m’Q) +23i'(y) Dz ¢°(x,p+1n,q)

and has the properties

(5.10) : MeC (R xRxR),
(5.11) M(foﬂ,y,p+m,q) = exp {2nip} M(x,y,p+m,q) ,
(5.12) supp M(*,p#m,q) c {X | (A + r)/2 <y <} .

It follows that M(-,p+m,q)|Q € L,(Q, ) and hence (5.6), (5.7), (5.8)
o,r ’
can be integrated by means of the analytic continuation of the resolvent

of Ap defined by (4.50). More generally

(e = =1 L] zoc
(5.13) $'(+,ptm,q,2) Pp’z’r Rp,z’r M(*,p4m,q) € D(Ap )

and z + ¢'(*,ptm,q,2) € L;’zoc(A,Q) is continuous for all q > 0 and

foc

z € wh ot . Hence, ¢'(*,ptm,p,A+1i0) € D(A_ ") satisfies (A + A)¢' =0

P p P
in  and the outgoing radiation condition (4.56) for all X € [pz,w)-'Tp.

o RSt o K oty e A L v
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In particular, the solution of (5.6), (5.7), (5.8) is defined by

(5.14) ¢, (*,ptm,q) = ¢'(*,ptm,q,w’ (ptm,q) + 10)

for all q € R, - Em > where

(5.15) E  =1{q>0] w?(ptm,q) € Tp} .

o, p

Note that Em,p is a countable subset of R, = (0,°) with no finite limit
points.’

3 The diffracted plane wave ¢+(X,p+m,q) is defined by (5.5),
(5.13) and (5.14) and one has

Theorem 5.1. Let G be a grating domain of the class defined in

§1 and lgt °o(Ap) = ¢, Then there exist unique diffracted plane wave
eigenfunctions ¢t(x,p+m,q) for each p € (-1/2,1/2], m € Z and
q €R, - Em,p' Moreover, q + ¢,(*,pm,q) € L;’ZOC(A,Q) is continuous

5 for ¢ € R, - Em,q'

i The uniqueness follows from Theorem 2.1 and OO(AP) = ¢. The

continuity is a consequence of Theorem 4.15.

The functions

(5.16)  9(X,pm,q,2) = 3(y) & (X,p+m,q) + 6’ (X,pm,q,2) € DA)
which are defined for p € (-1/2,1/2], m€ Z, q > 0 and z € M+ - Zp will

P
be used in deriving the eigenfunction expansions for b, and ¢_. They

will be called approximate eigenfunctions of Ap because

(5.17) (A + z) ¢(X,ptm,q,2) = (z - w?(p+m,q)) j(¥) ¢,(X,p+m,q)

and

|
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(5.18) ¢(X,p+m,q,w? (ptm,q) + 10) = ¢,(X,p+m,q) .

Construction of the Spectral Family of Ap. The selfadjoint

operator Ap in L,(Q) has a spectral family {Hp(u) | u > p?} which is
continuous when co(Ap) = ¢. The spectral measure HP(I) = Hp(b) - Hp(a)
of an interval I = [a,b] will now be calculated by means of Stone's

formula

(5.19) IT (1)£12 = lim 9] IR(A_,\ * i0)12 dX
P T P

o+o+
and the eigenfunctions ¢t' Only the main steps of the calculation will
be given because a detailed presentation of the analogous calculation
for exterior domains was given in [34].
com

To begin it will be assumed that I c [p?,») - Tp and f € L, (Q).

Note that if j(y) is the cut-off function of (5.5) then
(5.20) [(1 - 32 R@AL,2) £QO[F < %, () [RAS,2) £0O]°

where Xe is the characteristic function of [0,r]. Since lim R(A_,Atio)f
o0+
exists in LZ(Qo r), uniformly for A € I, it follows that
2

(5.21) J 1 - 3%2(y)) lR(Ap,)\tio) f(X)|2 d&X = 0(1) , 0 » O+,
. 9]
uniformly for A € I. Define a linear operator J : Lz(Q) - Lz(Bo) by
j(y) £X) , X€Q
(5.22) J £(X) =<

0 » XE€ B, - Q

Then NJi = 1 and (5.21) implies

chdrmllea o7 T
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(5.23) nR(Ap,z)fn2 = |J R(Ap,z)fﬁz +0Q1) ,Imz~>0,

uniformly for Re z € I. Next, Parseval's relation (3.29) for Ao p and

(5.23) imply

(5.24) IR(AP,z)fl2= )

1(J R(A_,2)E); (ptm, )12 + 0(1), Im 2 + O,
weZ P

uniformly for Re z € 1. To relate this to the eigenfunctions ¢, define

com

(5.25) E(P“‘m,q,z) = JQ ¢(X’P+macb-z.) fX) &X, f e Lz «,
and note

Lemma 5.2. For all f € Li°"(Q) one has
(5-26) E(P"‘m,q,z) = (NZ(P*m,Q) - z) e R(Ap,z)f); (MfQ) .

A heuristic proof of (5.26) is contained in the following formal

calculations, based on (5.17).

E(P“H‘9q’2) = JQ R(Apyi)(Ap - -Z-) ¢(xap+m)qy-z) f(X) dx
(5.27)

= JQ (w? (ptm,q) - 2) J(¥) ¢,(X,ptm,q) R(Ap,z) £(X) dX

= (w?(p+m,q) - 2) J $o (X,ptm,q) j(y) R(Ap,z) £(X) dx
BO

= (w¥(ptm,q) -2) (J R(Ap,z)f); (ptm,q)

The calculation is not rigorous because the presence of the term j¢, in
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(5.16) implies that ¢{(*,pt+m,q,z) & D(Ap). A rigorous but longer proof
may be given by the technique of [34, p. 94].

Combining (5.24) and (5.26) gives

2
+0(l), Im z -~ 0,

2 _ %( +m ',Z)
(5.28) HR(AP,Z)EH = méz ”ZF%S:i:TY:E

uniformly for Re z € I. Hence, putting z = A * i0, multiplying by o/m

and integrating over A € I gives

® 1E(ptm,q,2%i0) |?
Jo (-wZ(p+m,q) ) 2402 dq dix + 0(0)

Ala

J IR(A_,A+ig)fl2 dA =
I P

I
ERe}
—
-
M~
[

(5.29)

L ~ o 2
[2 JI %Egﬁ%ﬁﬁ;‘;%ﬁz d)\] dq+ 0(0)

IIEZJQ T
by Fubini's theorem. The determination of HP(I) will be completed by
calculating the limit for 0 -+ 0 of the last equation. Note that the
continuity of the approximate eigenfunctions (5.16) for q > 0,

z € M; - Zp (cf. (5.13)) implies that %(p+m,q,KiiG) is continuous for

q>0, A€ [p?,») - Tb, 0 > 0. Thus if one defines

(5.30) £,(prm,) = E(p+m,q,0% (pHm,q) 7 10), q € Ry - E
then for all £ € Lgom(Q)
(5.31) . E+(P+msQ) ’J ¢+(Xap+m’Q) f(X) dx
+ g %
and 2
(5.32) Et<p+m,-) € C(R, - E_ ).

m,p
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The calculation of the limiting form of (5.29) will be based on the
following two lemmas.
com

Lemma 5.3. For every f € L, () and every closed interval

Ic [p2,®) - Tp one has

(5.33) lim
>0+

ala

i Atio) |2 -
JI iffﬂ“?pi‘mii‘iiloz dA = x; (W (ptm, @) [£ _(pm,q) |

E where XI(X) is the characteristic function of I,

for all q € R w, p
>

normalized so that XI(a) = xI(b) =1/2.
Lemma 5.3 follows from the continuity of E(p+m,q,liio) and well-
known properties of the Poisson kernels; cf. [34, p. 101].

Lemma 5.4. For every f € Lgom

(), every closed interval
Ic[p?wx - Tﬁ and every 0y, > 0 there exists a constant C = C(f,I,oo)

such that

(5.34) 3 Jw |£(ptm,q,X210) |2 dq < C
mEZ 4

for all p € (-1/2,1/2], A € I and 0 € [0,0,].

This result is the analogue of [34, Lemma 6.8, p. 103]. A full
proof, based on Corollary 4.17, is given in [38].

The limit of equation (5.29) for o -+ O may now be calculated.
Lemma 5.3 gives the limits of the inner integrals in (5.29). Term-wise
passage to the limit can be justified by Lemma 5.4 and Lebesgue's

dominated convergence theorem; see [34] for details. The result is,

by (5.19),

(5.35) unp(r)fu2 = 7 J Xg(w? (p+m, q)) l7f+(p+m.q)l2 dq
meEZ ‘g =

R A

il agh, rom
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for all f €L,

(5.31).

OmQ) and I ¢ (p%,») - TP where E+(p+m,q) is given by

The Eigenfunction Expansions for éEf The eigenfunction expan-

sions for Ap based on ¢+(X,p+m,q) and ¢_(X,ptm,q) can be derived from

(5.35) and the spectral theorem by standard methods; cf. [34, p. 109ff].

Only the results are given here.

Ic [pl= - Tp can be dropped; (5.35) is valid for f € L,

Details may be found in [34] and [38].

To begin note that since G°(AP) = ¢ the restriction

oM7) and all

I1cC [pz,m). Making I + [pz,w) then gives the Parseval relation

(5.36)

2 - P YL
17 @ méz V£, (ptm, )an(Ro)

for all f € Lgom(ﬂ). Together with (5.32) this implies that for

£ e Lm0,

(5.37)

Ei(p+m,-) € CR, - £ ) N L (Ry).

A standard density argument then implies

(5.38)

Theorem 5.5. For all f € L,(2) the limits

£, (ptm,q) = L, (Ro)-lj_m[ 9, (X,pHm,q) £(X) dX
B Moo Qo M -

exist and (5.35), (5.36) are valid for all f € L, (Q).

An eigenfunction representation of the spectral family can now

be obtained from (5.35) by the usual polarization and factorization

arguments. In this way one obtains

(5.39)

Theorem 5.6. For all f e LZ(Q) one has

(u=(p+m) 2) /2
o) £0X) = ) J
(ptm)2<u

¢t(x’P+m"I) E:(P"'m» Q) dq




and hence

M -
(5.40) £(X) = L, (Q)-1im % J ¢,X,ptm,q) £ (ptm,q) dq .
M-+ mj<M ‘o - -

Finally, define linear operators

(5.41) ¢, L)~ ] @&L,(Ry)
"p IIEZ

by

(5.42) ¢, E={f, ) [mez)

Then ¢+ p and ¢_ p are spectral mappings for Ap in the sense of
’ b4
Theorem 5.7. For every bounded, Lebesgue-measurable function
Y(A) defined on p2 < A < = one has
. - . : :
(5043) (¢+ p ‘{’(Ap)f)m - \y(w (P"‘m, ”“’t,pf)m y n € Z

-9

where W(Ap) is defined by the spectral theorem.

Finally, the orthogonality and completeness of the generalized
eigenfunctions ¢t is expressed by

Theorem 5.8. The operators ¢+ and & are unitary.

» ’

It is clear from Parseval's relation (5.36) that ¢, p are

igometries which proves the completeness relation

(5.44) O 9. =1 .

,p 4,p

The surjectivity of @t p which is equivalent to the orthogonality

relation

(5.45) 0, 9% =

1
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is not a consequence of the spectral theorem. A proof of (5.45) by the
method introduced in [34, p. 112ff] is given in [38].

Operators Ap that have Point Spectrum. It was shown in §4 that,

in general, OO(AP) is discrete. Let ¥, be the subspace of L,({)) spanned
by the eigenvectors of Ap and let dim ¥, = N(p)- 1 < o,  Let
{Aj(p) | 1 < j < N(p)} be the eigenvalues, repeated according to their
multiplicity and enumerated so that Aj(p) < Aj+1(p). Let
{¢j(X,p) | 1 < j < N(p)} be a corresponding orthonormal set of
eigenfunctions.

Proceeding as before it is found that the diffracted plane waves

¢t(X,p+m,q) can be constructed and Theorem 5.1 holds with

(5.46) . Eﬁ’p = {q >0 | w(ptm,q) € T, co(Ap)}

which is still a countable set with no finite limit points. Similarly,
the spectral family {Hp(u)} still satisfies (5.35) for f € Lgom(Q) if
IC [pz,w) - Tp - co(Ap). It follows that Hp(u) differs from (5.39) only

by the projection

(5.47) Aj(g)(p ¢0;X,p) £,(p) , £5(p) = (¢j(-,p).f)L2(Q) .

and Parseval's relation and the eigenfunction expansion become

N-1 .
(5.48) 1£12 = § ]fj(p)l2 + Zz Ve, (ptm,*)0? , £ e Ly(Q)
me

i=1

and

1

N- - o .
(5.49) £(X) = § ¢j(x,p) fj(p) ) J ¢, (X,p+m,q) f, (p+m,q) dq ,
j=1 | AL -

o™

L ™

WRUONEE

N .
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convergent in L,(Q). The form of the spectral family implies that Ap

has no singular continuous spectrum : L,(R) = ¥, @ ¥ ., where j( , is the

subspace of absolute continuity for Ap [17, Ch. X]. Finally, Theorem

5.8 must be modified to state that ¢+ and ¢_ p are partial isometries
’

with initial set ﬂ;c and final set £ & Lz(Ro):

* *
(5.50) Qt,p Qi’,p = Pac > oi,p ‘bi,p =]

where Pac is the orthogonal projection of L, () onto ﬂéc'




§6. The Rayleigh-Bloch Wave Expansions for A.

This section presents a construction, based on the results of §5,
of the R-B diffracted plane wave eigenfunctions wt(X,p,q) and a deriva-
tion of the corresponding R-B wave expansions for A. For brevity the
derivation 1s restricted to the cases for which A has no surface waves;
that is, °o(Ap) = ¢ for all p. The modifications that are needed when
there are surface waves are indicated at the end of the section.

In this section Y,(X,p,q) denotes the R-B wave eigenfunction for
Ay; that is, one of the functions (1.33), (1.34). The defining proper-

ties of ¢, (X,p,q) can then be written

(6.1) v, (+,p0) € DA™Y, (p,q) € R,
(6.2) (& + w?(p,q)) ¥,(X,p,q) = 01in G ,
(6.3) ¥, (X,p,q) = ¥, (X,p,q) + ¥ (X,p,q) in R ,

where w; (resp., V') is an outgoing (resp., incoming) R-B wave for G.
The construction of Y, will be based on the discussion at the
end of §3. Thus if (p,q) € R% and p = p, + m where p, € (-1/2,1/2] and

m € Z then y,(X,p,q) are defined by

(6.4) ¥, (X,p,9) = 0P%_(X,petm,q) ,

or, more explicitly,

(6.5) ¥, (x,7,0,0) = exp {2mifp,} ¢, (x-21L,y,p4m,) , (x,y) € 2P

Theorem 5.1 then implies
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Theorem 6.1. Let G be a grating domain of the class defined in ;
§1 and let A = A(G) have no surface waves. Then there exist unique R-B
diffracted plane waves wi(X.P,q) for each (p,q) € R% - E, where E is the
exceptional set (2.30). Moreover, the mapping (p,q) ~* wt("p’Q)

1 foc
€L,

(4,G) is continuous for (p,q) € R% - E.
The principal step in the proof of Theorem 6.1 is to show that
y,, defined piece-wise by (6.5), satisfies (6.1). This may be done by

a simple distribution-theoretic calculation based on the p-periodic

; boundary condition for ¢, . Details are given in [38]. The uniqueness
‘ statement follows from Theorem 2.1 since Uo(Ap) = ¢ for all p is
assumed.

The R-B wave expansions for A will now be derived from the

eigenfunction expansions for Ap of §5. The first step is to establish

com

Parseval's relation for A. The special case of functions f € L, (G) is

treated first.

Theorem 6.2. For all f € L3 "(G) define
(6.6) £, = JG v, (X,p,0) £(X) &X , (p,q) € R - E .
Then
(6.7) f,eCc®l-BEnL,RY , and
(6.8) LI I?I-,Lz ®2) |

Proof. The finiteness of §#(p.q) for (p,q) € R% ~ E and the
property %t € C(RZ - E) follow from the last statement of Theorem 6.1.

To establish the rest of the theorem note the following identity for

functions f € Lgom(c) and points (p,q) € R} - E.




£.(p,0) J v, (X,p,0) £(X) dX

v, (X,p,q) £(X) dX
o ®

) I b, (x+2m8,y,p,q) £(x+2mL,y) dxdy
ez ‘9 T

) J ¢, (x,y,p,9) e S2MLP £ (xvame,y) dxdy
EZ

e-ZTrM'p f(x+2ﬂ£,y)J dxdy
ez

¢+(x,y.p,q) F(x,y,p) dxdy

J $,(x,5,p,2) [ )
|

Q

Fx,y,p) = § e 2™ seeom,y) , uy) €0 .
e2

Note that all the sums in (6.9) are finite when f € L§°“

(G). Moreover,
(6.10) is a Fourier series in p with a fixed finite number of non-zero
terms for all (x,y) € Q.

Equation (6.9) establishes a relation between the eigenfunction

expansions for A and Ap. Thus replacing p in (6.9) by p + m with

pe€ (-1/2,1/2] and m € Z one has

(6.11) £, (ptm,q) = F,(p+m,q,p)

in the notation of §5. In particular, Parseval's relation for A_,

applied to F(*,p), and (6.11) gives
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) J |2, (p+m,@)|? da

(6.12) J |Fx,p)|? dx
Q m€Z

Noting the continuity of p - F(*,p) € L,(Q) and integrating (6.12) over

g p € (-1/2,1/2] gives

% 1/2 _ 1/2 =
? J J |F(X,p)|? dX dp = J J |£, (p+m,q) |2 dqdp
i -1/2 ’Q n€z ‘-1/2 /4 °
(6.13)
g - Iag £, (pra)|* dpdq = HELI] (g2

In particular, §+ € Lz(Rﬁ) which completes the proof of (6.7). To
] verify (6.8) note that Parseval's formula for Fourier series implies

that

1/2
(6.14) J [Fx,p)|2 dp = [ |f(x+2me,y)|?2, Xx€Q,
-1/2 ez

where the sum has a fixed finite number of terms for all X € (. Inte-

grating (6.14) over X € Q and applying Fubini's theorem gives

1/2
J JQ [F(X,p)|? dX dp =

I | £ (x+2mL,y) |2 dx
-1/2 zZ'Q

M

(6.15) = J £(X)]? ax
zéz o(¥) 2|

- 2 - 2
JG |£(x) |2 ax lfle(G)

Combining (6.13) and (6.15) gives (6.8).
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The extension of Parseval's relation to all f € L,(G) follows

from Theorem 6.2 by a standard technique using the denseness of L§°m(c)

in L,(G). Thus, writing

(6.16) Gy =6 N (x| x? + y? < M?} ,

one has j

Corollary 6.3. The limits

(6.17) £,(p,q) = L,(R2)-1lim J b, (X,p,q) £(X) d&X
M N

exist and Parseval's relation (6.8) holds for all f € L,(G).
A representation of the spectral family {lI(u) | u > O} of the
grating propagator A will now be derived from Corollary 6.3. The key

fact is described by

Theorem 6.4. The resolvent R(A,z) = (A - z)-l of the grating

propagator A satisfies the relation

\ £, )|*
@19 N ek

for all £ € L,(G) and all z € C ~ {0,),
To prove Theorem 6.4 it 1s enough to verify (6.18) for all

f € L§°m(c). The idea for doing this is to define !

(6.19) u(X) = R(4,2) £(X)

and to apply Parseval's relation to y = ¢Mu where ¢M € C?(Rz). For a

' suitable choice of ¢M one has




(6.20) v = R(A,2)(f + g)

vhere
(6.21) gy = ~2Vu * Vo, - u Ady
and
(6.22) U (Pr@) = (B(p,0) + By, (P,a)) /0P (pya) - 2
whence

| (6.23) 1oy R(A,2)EN = I (E, + B )/w? = 20 .

Passage to the limit M + « then gives (6.18). For the case of the
Dirichlet boundary condition one may take ¢, (X) = Y(|X| - M) where
Y € C*(R) satisfies Y(T) = 1 for T < 0 and Y(1) = O for T > 1. For the
case of the Neumann boundary condition ¢M must be chosen more carefully,
using the condition G € S, to ensure that v

M

condition. The details of the construction are given in [38].

satisfy the boundary

The R-B wave expansions for A follow easily from Corollary 6.3

' and Theorem 6.4. They are formulated as
Theorem 6.5. For all f € L,(G) the spectral family

{Iw) | u > 0} of A satisfies

(6.24) I £(X) = J ¥, (X,p,q) £,(p,q) dpdq

D
M

D, = Rf n {(p,a) | P* +a® <}
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In particular, every f € L,(G) has the R-B wave expansion
(6.26) £(X) = L2(G)-lim J b, (X,p,q) ?+(p,q) dpdq .
M- DM - -

The relation (6.24) is a direct consequence of the relation

(6.27) IMDAZ o = an Xg (W (p,a)) |£,(p,a)|? dpdq

where I is a subinterval of [0,®) with characteristic function X1 -
(6.27) follows easily from (6.18) and Stone's formula. Note that (6.27)
implies the absolute continuity of the grating propagators.

To formulate the orthogonality and completeﬁess relations for

the R~-B wave expansions define linear operators

(6.28) ' 0, : L,(C) + Ly(R3)
by
(6.29) o, £=1, .

Then ¢+ and ¢_ are spectral mappings for A in the sense of
Theorem 6.6. For every bounded, Lebesgue-measurable function

¥(A) defined on 0 < A < =

(6.30) ¢, ¥(a) = ¥(w2(+)) ¢t

where Y(A) is defined by the spectral theorem.
f Moreover, one has
Theorem 6.7. The R-B wave expansions are orthogonal and complete

in the sense that ¢+ and ®_ are unitary operators:
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(6.31) ®; ¢, =1land 0, ¢, =1 .

*
Relations (6.30) and the completeness relation ¢ ¢, =1 follow
’ *
easily from the spectral theorem. The orthogonality relation ¢ ¢ =1
can be deduced from the corresponding property of Q*p’ Theorem 5.8.

Indeed, it is sufficient to prove that
*
P (6.32) (9, 0,f - £,£) = 0

for all f in a dense subset of Lz(Rg). This may be verified by direct

calculation using f € C?(R% - E) and the orthogonality relation for ®+p'

The details are given in [38].

—

Operators A that admit R-B Surface Waves. It was shown in §2

that for each p € (-1/2,1/2] A may have R-B surface waves wj(x,p) and

eigenvalues Aj(p) with x-momentum p. The functions ¢j(x,p) = wj(X,p)[Q

are precisely the eigenfunctions of Ap' The principal difficulty in
constructing an eigenfunction expansion for A in this case is in con-
structing families of R-B surface waves wj(x,p) and eigenvalues Xj(p)
whose dependence on p is sufficiently regular. The "axiom of choice"
definition (independent choice for each p) in inadequate to give even
measurability in p. This was pointed out in the author's paper on the
analogous, but simpler, case of Bloch waves in crystals [36].

If 3G 1s a union of smooth curves (class C®) then the Green's
functions (4.44), (4.45) can be used to construct an integral equation
for the eigenfunctions ¢j(x,p). In this case the method of [36] can be
used to construct "almost holomorphic" families {¢j(X,P)}.

In the general case there is a one-~to-one correspondence between

eigenfunctions ¢j(x,p) of Ap and eigenfunctions BJ(X,p) of Ap oor with
1} H
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eigenvalues np(c) € [p%,») given by Gj(°,p) = ¢j(°,p). The

P
P>C,T

eigenvalues of A are isolated, with finite multiplicity, and may

PsC»T
be studied by the methods of analytic berturbation theory (Kato [17,
Ch. 7]). These problems will not be pursued here.

If a sufficiently regular family of R-B surface waves for A has
been constructed the eigenfunction expansions for A may be derived by the

method introduced above. Thus, defining wj(x,p) 2 0 when j > N(p),

equation (6.12) must be replaced by

(6.33) J lFx,p)|2ax = § |E.)|2+ [ J |£,(p+m,q) |2 dq
Q j=1 meZ ‘o
where
(6.34) £.(p) = f T (K.p) £(X) dX .
3 g T3

Integration over p € (-1/2,1/2] gives the Parseval relation

2 = £ 12 g2
(6.35) el @ jzl Ve a2 L, 2

The corresponding representation of the spectral family is

1/2 A

M(u) £(X) = J I v (X,p) £5(p) dp
-1/2 A(psu

(6.36)

+j Wt(X,PsQ) Et(P,q) dpdq .
DU
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§7. Concluding Remarks.

It is clear that the methods developed in this report are
applicable to diffraction gratings in R® (and in R", n > 3). They are
also applicable to gratings with holes, as in Alber [3] where the
n

grating R® - G is a periodic structure contained in a slab R0 h
’

G is comnected. The changes needed to treat these cases are primarily

and

notational. The same methods can also be applied to the physically
important cases of dielectric gratings in electromagnetic theory and
elastic gratings in acoustics.

The most important unsolved problems for diffraction gratings
concern the R-B surface waves. Gratings that admit such surface waves

would presumably be good waveguides for signals generated near the

grating surface. Geometric criteria for the existence and non-existence

of such waves would be of great interest for applicatiomns.

Py
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